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Abstract 

The geometrical representation of the path integral reduction Jacobian 
obtained in the problem of the path integral quantization of a scalar par- 
I , tide motion on a smooth compact Riemannian manifold with the given 

■ free isometric action of the compact semisimple Lie group has been found 

for the case when the local reduced motion is described by means of de- 
pendent coordinates. The result is based on the scalar curvature formula 
for the original manifold which is viewed as a total space of the principal 
fibre bundle. 



keywords: Marsden-Weinstein reduction, Kaluza-Klein theories, path integral, 



\^ ■ stochastic analysis. 



1 Introduction 



OO ' In a well- known approach to the path integral quantization of the gauge theories 

PQ , the dynamic of true degrees of freedom, that are given by the gauge invariant 
variables, is presented by means of the evolution of the dependent variables 
defined on a gauge surface. The action of the gauge group on the space of the 
' gauge fields, being viewed as a free isometric action of this group on the Hilbert 

manifold of the gauge fields, leads to the fibre bundle picture. 

The choice of the local coordinates on a total space of the principal fibre 
bundle is performed by making use of the gauge conditions by which the local 
sections of the principal fibre bundle can be defined. Since in general we cannot 
"resolve the gauge" and determine the local coordinates on a gauge surface in 
terms of the explicitly definable functions, we are forced to use the dependent 
variables for description of the true evolution. 

In path integrals, the transition to new variables and the consequent restric- 
tion of the evolution to the gauge surface, being the path integral transforma- 
tions0 may not be a quite correct procedure. The reason of it is that at present 

*E-mail adress: storchak@ihep.ru 

1 These transformations are called the path integral reduction. 
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there is no a rigorously defined path integral measure on the space of gauge 
fields. 

In a finite-dimensional case, the quantum reduction problem in dynamical 
systems with a symmetry leads to the analogous path integral transformations. 
But in this case, the problem of the path integral reduction can be resolved 
[3J [3J , since we know (at least for the Wiener path integrals) how to define the 
path integral measure and some of its transformations. Being established for 
the finite-dimensional dynamical systems, the rules of the path integral trans- 
formations in the reduction procedure could be extended to the path integrals 
used in gauge theories. 

With this end in view, we have studied [3J a finite-dimensional dynamical 
system which is close by its properties to the gauge theories. This system 
describes a motion of a scalar particle on a smooth compact finite-dimensional 
Riemannian manifold with a given free isometric action of a compact semisimple 
Lie group. 

The path integral reduction procedure was realized as the transformations 
of the original Wiener path integral, representing the diffusion (or the "quan- 
tum evolution") of a scalar particle, to the path integral which determines the 
"quantum evolution" of a new dynamical system (a reduced one) given on the 
orbit space. Our path integral transformations result in the integral relations 
between both path integrals. Also, a non-invariance of the path integral measure 
under the reduction has been found. The obtained Jacobian gives rise to the 
additional potential term in the Hamilton operator of the reduced dynamical 
system. 

The purpose of the present paper is to find the geometrical representation of 
the reduction Jacobian. Our derivation of such a representation will be based on 
the formula which expresses the scalar curvature of the Riemannian manifold, 
which is a total space of the principal fibre bundle, in terms of the geometrical 
data characterizing this bundle. This formula is similar to the formula for 
the scalar curvature of the Riemannian manifold with the given Kaluza-Klein 
metric. 

The paper will be organized as follows. In Section 2, we give the basic 
definitions and the brief review of the results obtained in [3J. Besides, in Section 
3, by making use of the Ito's identity, we rewrite the exponential of the Jacobian 
to replace the stochastic integral of the Jacobian for the ordinary integral taken 
with respect to the time variable. 

Next section deals with the derivation of the scalar curvature formula for our 
Riemannian manifold. By transforming the original coordinate basis to the hor- 
izontal lift basisd we calculate the Christoffel coefficients, the Ricci curvature, 
and the scalar curvature. 

In Section 5, by using the scalar curvature formula obtained in the previouse 
section, we rewrite the reduction Jacobian. 

A possible application of the obtained geometrical representation of the Ja- 
cobian is discussed in Conclusion. 

2 In this nonholonomic basis the original metric takes the block-diagonal form. 
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2 Definitions 



In [3] , the diffusion of a scalar particle on a smooth compact Riemannian man- 
ifold V has been considered. In case of a given free isometric smooth action of 
a semisimple compact Lie group Q on this manifold we can regard the manifold 
V as a total space of the principal fibre bundle 7r : V — > V jQ = A4 . It means 
that on it is possible to introduce new coordinates that are related to the 
fibre bundle. 

The original coordinates Q A given on a local chart of the manifold V have 
been transformed for the special coordinates (Q* A ,a a ) (A = 1, . . . , N Vl N v = 
dimV\a = 1, . . . , Ng, Ng = dim Q). In order for the transformation to be a 
one-to-one mapping, the coordinates Q* A must be subjected to the additional 
constraints: x a (Q*) = 0- These constraints are chosen in such a way to define 
the local submanifolds in the manifold V . We have assumed that these local 
submanifolds determine the global manifold E. Hence, our principal fibre bundle 
P(Ai,G) is trivial. Since it is locally isomorphic to the trivial bundle S x Q — > S, 
the coordinates Q* A can be used for the coordinatization of the manifold M. - 
the base of the fibre bundle. This transformation is fulfilled at the first step of 
the reduction procedure. 

In new coordinate basis ( qq, a , gfsO; the original metric Gab(Q* , a) of the 
manifold V becomes as follows: 

G C d{Q*){Pa-) C a(Pa-)b G CD {Q*){P±-) D A KC<{a) \ 
G C Dm(P±)%K?*fta>) 7^(Q*R(aK(a) J' W 

where G C d{Q*) = G C d(F(Q* , e)) is given by 

Gci3(Q*) = F™{Q*,a)FE (Q* ,a)G MN {F{Q* ,a)), 

(e is an identity element of the group C/). F A are the functions by which the 
right action of the group Q on a manifold V is realized, F^{Q, a) = ^jw{Q, a). 

are the Killing vector fields for the Riemannian metric Gab(Q)- In (HJ 
they are constrained to the submanifold £ = {\ a — 0}, i.e., the components 
K A depend on Q* . 

In (HJ), an orbit metric 7^ is defined by the relation 7^^ = K A G abK® . 

The projection operators P± (depending on Q*) is given by 

{P±)i = s£-x%(xx T r 1 Z(x T )p, 

(x T ) A is a transposed matrix to the matrix \b = dQ&> (x T ) A = G ab ^ i1u Xb- 
This operator projects the tangent vectors onto the gauge surface E. 

The pseudoinverse matrix G AB (Q*, a) to the matrix |T]), i.e., the matrix that 
satisfy 



^ 



/ G EF N°N» G SD NC X ^-XK 
\ G^xbi^NEvI G CB xl(^r jX ^-%v^ 



(2) 
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Here ($ 1 )^ - the matrix which is inverse to the Faddeev - Popov matrix: 

In the asymmetric projection operator N, 

onto the orthogonal to the Killing vector field subspace, has the following prop- 
erties: 

N£NE = N$, (P±)iN% = (P ± )°, N§(P ± f A = NC. 

The matrix (a) is inverse to the matrix tip (a) . The det Up (a) is a density of 
a right invariant measure given on the group Q . 
The determinant of the matrix |T]) is equal to 

(det G AB ) = det G AB (Q* ) det 7a/3 (Q* ) (det XX T )^ 1 (Q*) (det < (a)) 2 
x(det^(Q*)) 2 det(P ± )g(Q*) 

= det((Pj.)2 Glc (P x )g) dct 7Q ^ (det<) 2 . 

It does not vanish only on the surface S. On this surface det(Pj_)g is equal to 
unity. 

Note also that the "horizontal metric" G H is defined by the relation G§ c = 
ITg ITg G^p in which LT^ = S A - K a ^ v K®G D b is the projection operator. 

An original diffusion of a scalar particle on a smooth compact Riemannian 
manifold V has been described by the backward Kolmogorov equation 

— + -fl 2 KA V (p a ) + — V(p a ) ) lpt b {Pa,ta) = , . 

Ot a 2 fi z Km J (o) 

i>t b {Pb,h) = <Po(pb), (tb>t a ). 

In this equation p 2 = ^ , k is a real positive parameter, A-p(p a ) is a Laplace- 
Beltrami operator on manifold P, and V(p) is a group-invariant potential term. 
In a chart with the coordinate functions Q A = <p A (p), the Laplace - Beltrami 
operator has the standard form: 

A V (Q)^G-^(Q)J-G AB (Q)G^ 2 (Q)- '° 



<qqa K J 8Q B ' 

where G = det(G AB ), G AB (Q) = G(^, ^). 

We have used the definition of the path integrals from [4] for representing 
the solution of the equation ([3]). This solution is written as follows: 

r 1 f tb 

ipt b (pa,t a ) = E <j) {ri(t b )) exp{— / V(i](u))du} 

L fl KTYl J ta 

d^(u)<f> (v(tb))exp{...}, (4) 

where 77(f) is a global stochastic process on a manifold P. = {uj(t) : u>(t a ) = 
0,rj(t) = p a + w(t)} is the path space on this manifold. The path integral in 
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measure (j? 1 is defined by the probability distribution of a stochastic process 

Since the global semigroup determined by the equation ([¥]) is defined by the 
limit of the superposition of the local semigroups 

^t b {Pa,ta) = U(tb,t a )<t>o(p a ) = Hm q U v (t a ,tl) ■ Ur,(t n ^i,t b )(f> (p a ), (5) 

we derive the transformation properties of the path integral of (j4|) by studying 
the local semigroups U v . These local semigroup are given by the path integrals 
with the integration measures determined by the local representatives r] A (t) of 
the global stochastic process rj(t). The local processes f] (t) are solutions of the 
stochastic differential equations: 

d v A (t) = lf KG - l l 2 -^(G l l*G AB )dt + v*/i&±(T,(t))dw a {t), (6) 

where the matrix X A t is defined by the local equality Y^rLi ^-r^k = G AB . 
(We denote the Euclidean indices by over-barred indices.) 

A replacement of the coordinates Q A for (Q* A , a a ) does not change the path 
integral measures in the local semigroups as this transformation is related to 
the phase space transformation of the stochastic processes. 

The second step of the reduction procedure consists of the factorization of the 
path integral measure. The local evolution given on the orbit has been separated 
from the evolution on the orbit space and we have come to the integral relation 
between the original path integral and the corresponding path integral for the 
evolution on the orbit space. The last evolution has been written in terms of 
the dependent coordinates. 

In particular case of the reduction performed onto the zero-momentum level, 
the A = case of the general formula from [5] , the integral relation between the 
path integrals for the Green's functions is 

Gv(Qt,t b ;Q* a ,t a )= [ G v {p b d,t b ; Pa ,t a )dfx(e), (Q* = 7r E (p)). (7) 
Jg 

The path integral for the Green's function G-p may be obtained from the path 
integral (j4j by choosing the delta-function as an initial function. The Green's 
function Gs is presented by the following path integral 

G S (Q* b ,t b ;Q* a ,t a )= f d^*exp{^— ( " V(&(«))d«} 

x exp ^{—^ [(P±)a Gl L (P±) L b ] j^jfjdt 

+^ Gl L (P ± )2 jfj dwf 1 } , (8) 

where j A j(Q*) is the projection of the mean curvature vector of the orbit on the 
submanifold S. This vector has two equal representation^ 

3ii{Q*) = -\G EU N A Nff[r P GcD^K a K f](Q*) 

7 q/3 (Vk q ^) C 1 (Q*), (9) 



\n a 

2 c 



3 In [3] this vector was written with a wrong sign. 
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where 



K*(Q*)K B {Q*)t c AB {Q* 



with 



^ab(Q* 



-Gea{Q* 



Gab{Q* 



In the path integral ©, the path integral measure is determined by the 
stochastic process £s- Its local stochastic differerential equations are as follows 



dQ\ A = h z k\ -\g 



iEM AT C AT B H r A 



CB 



jf ) dt + fiy^NcX^jdw 



(10) 



where jj is the mean curvature vector of the orbit space. The Christoffel symbols 
H T B D in (flU| are defined by the equality 



1 



-iH 



riH H r B _ - i n t 
^AB 1 CD — 2 V J AC,D 



Gad,c 



Gcd,a) > 



(11) 



in which by the derivatives we mean the following: G AC d = 9G ~ A ?-^ 



dQ D 



Q=Q* 



We note that the special form of the stochastic differential equation (fT0|) 
results from the fact that the orbit space can be viewed as a submanifold of the 
(Riemannian) manifold (V, G B B (Q)) with the degenerate metric G B B . 

The semigroup determined by the path integral {S|) acts in the space of the 
scalar functions given on E. The differential generator (the Hamilton operator) 
of this semigroup is 



1 



fi 2 nW CD N£N B - 



d 2 



C ly D 



d 



dQ* A dQ* B 



- G CD N E N D I H Ti 



d 



EM 



dQ* 



8Q* 



1 



fj, 2 nm 



V. 



(12) 



3 Transformation of the stochastic integral 

In the integrand of the path integral © there is a term with the Ito's stochastic 
integral. It is not difficult to get rid of this integral by making use of the Ito's 
identity. But first we should rewrite the second exponent functiorJll standing 
at the integrand of the path integral JHJ. From the properties of introduced 
projection operators it follows that this function can be rewritten as 

cx P {-i/i 2 K J G% B 'f(VK„K < ,) C T a f , (VK a Kf,) B dt 

ta 

J Gl^iVK^fk^dwf). (13) 

t a 

4 It is the Jacobian of the performed Girsanov transformation. 
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By using the Ito's differentiation formula from the stochastic calculus, it can 
be shown the following equality: 



e <r(Q*(t)) = e <r(Q*(t„)) 



x e ta , (14) 

tha 

equation 



provided that the stochastic variable Q* t A satisfies the stochastic differential 



dQf = a A (Q* t ) dt + BjjiQl) dwf. 
Eq. (fT4"]) leads to the Ito's identity by which 



MQ*(t a )) 



ill 



e 4— « > . (15) 



In order that this equality may be applied to our case, i.e., when the stochas- 
tic variable Q* t satisfies the equation (TIT))) , the integrand of the stochastic integral 
in (fT5|) must be appropriately transformed. It may be done by making use of 
the identity 

7 ^(V^) B (Q*) = -\ gPEn p{^q^a^YQ*) 

and taking into account the following properties of the projection operators: 
G\ C G PC = Il£ and U P N A = N$. That is, in dHJ) we may put 

(7 = ilndet7 Q/3 , 

and £4 = N£kfa. Also, we note that gj^ = ± {l ap Q^TT 7<*/s)- 

In our case, on the right-hand side of (fTS]) we have the integral with the 
following integrand: 

-G M N A N? 9 (i al3 - y nR 

+ \{-\G EM NEN^T A PS+ j A ) (7"^7^). (16) 

Since the mean curvature vector j A of the orbit space is equal to 

\g™n?n? (n a d + H r^ - n a H rg D ) , 



if 4 



(JV^ = 9 q, o Ng ), (Ti"6|) can be transformed into 



l G a b ~qq*a \Y ff&B-r~e) 



+±G**N§N§ (n a d - N A *T% D ) (l aP ^Al^) ■ (17) 
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In the obtained expression, the second component of the sum may be further 
simplified. G BD N?N?N^ D can be rewritten as 

G^N^N^ = G™Nj?N£ D - G S6 K^A%NPN§ D (18) 

and 

g m n?n§n^ H rg D = G*°Nj>N$ H rg D - g^n?k d a^ H rg D . (19) 

By using the identities K*N* D = -K? lD N A and N£{K° D + A^ H rg B ) = 0, 
one can show that the last terms of the equalities (fT8|) and (fT9| are equal. Hence, 
they don't make a contribution to (fT7)) . We obtain, therefore, the following 
expression for the integrand: 



r-iAB at A atB _____ { ~, a P ______ ~, \ 

i G A B ^Q*A \y dQ^B^) 

+1(g™nEn£ d - g* d nIn£ H rg D ) ( 



7 dQ * A 7a/3 

Thus, after application of the Ito's identity in (p~3|) . the path integral reduction 
Jacobian can be rewriten as follows: 



cxp|-i/i 2 K J Jdt}, (20) 



where 



dQ* A '""A' dQ* Elaf3 

d 

dQ* 



'—la, 



dQ* A \' dQ* B 
+ (g^N?N? f - G*°NfN_\*T» ) (1*°^). (21) 



The main task of the present paper is to get the geometrical representation for 
the integrand J. It will be done with the formula for the Riemannian curvature 
scalar of V . 



4 The scalar curvature of the bundle 

The scalar curvature of the Riemannian manifold V will be calculated by using 
the special nonholonomic basis. This basis generalizes the horizontal lift basis 
considered in [5]. It consists of the horizontal vector fields Ha and the left- 
invariant vector fields L a = v£(a)-7^-. The vector fields L a have the standard 
commutation relations 

[Lac,Lp] = C^pL-f, 

where the are the structure constant of the group Q. 
The vector fields H a are given by 

H A = Ni{Q*)(^-A%L^j, 
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where A E (Q*,a) = p^(a) A E (Q*). The matrix p^ is inverse to the matrix p$ a 
of the adjoint representation of the group G, and A V P = j utl K^ Grp is the 
"mechanical" connection defined on our principal fibre bundle. 
The commutation relation of the horizontal vector fields are 

[H C , Ho] = (AlK - A? D Ng)K* P H s ~ N E N P D T% P L a , 
where tC D = ( < E >_1 )p Xd- The curvature T EP of the connection A is given by 

d d - - - 

T a — a a a a j- r a a u a a 

~dQ*^ dQ* p 

{J- EP {Q* , a) = p"(a) Fep(Q*) )■ In calculation of the commutation relation we 
have used the following equality: 

t a A — — ^ 

which comes from the equation satisfied by p: L a p^ = p^. 

The above commutation relation may be also written as follows: 

[He, H D ] = Gq D Ha + Q CD L a , 



where the structure constants of the nonholonomic basis are 

e CD = (AlK^ D -AlK^ c ) 



and 

pa _ _ nrS ivrP ■fra 
'"CD — JV C JV D •> SP ■ 

In our basis, L a commutes with Ha '■ 

[H A ,L a ]=Q. 

In the horizontal lift basis, the metric (fTJ) can be written as 

" ( f I ) ■ (22 > 

with 

G{H A ,H B ) = Gab(Q*), G(L a ,Lp) = %p{Q*,a) = la>p>(Q*) p a a \a) p% (a). 
The dual basis is given by the following one- forms: 

u) a = u«da»+A E (P ± )f dQ* s , 

for which uj a {H b ) = Ng, 0J a {H A ) = 0, and u a {Lp) = <5|. 

The pseudoiverse matrix G AB to the matrix (|22|) is defined by 

rAB f g ef n£nz o 
{ o t p 

with 

G{uj a 1 u b ) = G ef N a N e 1 G(cj a ,^) = r =l a ' 'pZ'P^, GW Q ) = 0. 
The orthogonality condition is 



ABfl 



Or CrgC 



nA o 



5$ 
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4.1 The Christoffel symbols 

The computation of the connection coefficients f^B m ^ ne nonholonomic basis 
will be preformed by using the following formula: 

2f5 e G(&», d c ) = d A G(d B ,d c ) + d B G(d A , d c ) - d c G(d A , d B ) 

-G(d A , [BbM - G(d B , [d A ,d c }) + G(dc, [d A ,d B ]), (23) 

where the terms of the form d A G denote the corresponding directional deriva- 
tives. 

First we consider the calculation of the coordinate components Fg C . In this 
case (1231) can be rewritten as 

p 

cp^ab- 



of^-D /~^H 77 /^H I tt /^H i [ /^H /^H pP /^H pP , /^H p 

Zi AB U DC ~ n A^BC n B^AC ~ n C^ AB ~ U AP^BC _ U BP^AC "+" b CP L 



Replacing structure constant by their explicit expressions and performing 
the necessary transformations, we get 

f ab Gdc = N A H ^bec — N§ h T A ce + N c k Tabe + H ^acb — H Fbac, (24) 
where 

Hp _ | r ,n 

1 ABC — ^AC,B + ^BCA ~ U AB,C- 

Eq. (|2"4f was obtained by making use of the equality G^ P K P C = —K P G\ PC , 
which can be derived by means of the differentiation (with respect to Q* ) of the 
relation G^ P K P = 0. 

From the Killing identity for the metric Gab it follows that 

Taking this equality into account we transform eq. (|24p into 

^.H fD _ AT E H r 
^DC 1 AB — ly A 1 BEC- 

Multiplying the both sides of this equation on G SF N p NQ and using the identity 

G MS N A K Tcds = N A H T S cDj we get 

N p r s - N p N EH r K 

iV 5 1 AB — Iy K Iy A 1 BE- 



Hence, we can write 



F _D _ ajE HpL> 
1 AB — IS A 1 BE 



(modulo the terms X% BC for which N P X^ BC = 0). 

The calculation of other non- vanishing coordinate components of the Christof- 
fel connection T 1 AB on V leads to the following result: 

_ 1 j\tE atP jj?n 
1 ab — ~ 2 A B EF ' 

KB = \G PS NlNi^ EF % ai 
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Tab = \%»H A *{p v = U^N%V E ^, 



AB — 2 W vXJ -A IP" — 2 

r v u - tiv i (7 ~ a ~ o ~ \ 

a/3 = 2 7 y°o0^ - C v8lcc<x ~ C v </18ct)- 

In these formulae the covariant derivatives are given as follows: 

i>El a f} = (q^E^B ~ C° a A E %8 - C°pA%% a ) . 

4.2 The Ricci curvature tensor 

To evaluate the components Rac of the the Ricci curvature tensor of the metric 
relative to our nonholonomic basis we make use of the following formula: 



Rac — QaX'vc — th^Ac + ^vc^av _ ^ac^vs ~ ^av^sc- ( 25 ) 
For the components Rac this formula can be written as 

\M tt fiM , f-.K fSM f-,E t\K p>K fiM 



p tt T^lVl TT 1V1 , pA J^M piii J^iS. rats. T~iiv'i 

n-AC — tlAL MC ~ "Ml AC + 1 MC L AK ~ 1 AC L KE ~ '"AM 1 KC 

-"Jl 1 /iC — AC < 1 AfC 1 A^i ' 1 pC 1 AJC + 1 nC l Ai/ ~ 1 AC 1 i/B 

AC K^i 1 AC v^i ^AAf 1 aC' l z0 J 



First of all, let us consider the expression standing at the first line of the 
right-hand side of (|26|) . By using obtained Christoffcl symbols T and the coef- 
ficients C^ M , we present this expression as follows: 

ai-S Ar-E / _^_H r M ^ H P M , H r /f H r A/ H r P H-pA-/ 



It may also be rewritten as 



AT S AT E Hp M 
N A N M RSEC J 



where by k R$ec M we denote the expression which looks like the Riemann cur- 
vature tensor of the manifold with the degenerate metric G^ B . 

We note that our Christoffel symbols H r^f s . are defined up to the terms Tq S 
that satisfy the equality G^b^cd — 0. Therefore, we are allowed to neglect the 
terms that are directly proportional to . Since in our case 

atE Hp M _ H p M tsE a a Hp A/ 
JV A/ n SEC — n SMC ~ A Q JV A/ n SEC ' 

the contribution to the Ricci curvature -fiUc coming from the second term of the 
previous expression may be omitted. The first term will give us N% ^Rsmc* ■ 
The remaining terms of Rac are presented by the following expressions: 

Lc£ AC = ~~^NaNq LaTfip] 
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£mcTa» = -\{G MS N*N?)NEN%^ F P QP % V] 

T^ak = -\(G KS NgN§)N$NFr PF ^ R % u -, 

= \{T v H c ^ av ){r P H A % p ) 

= \r v NE @e%v) T P N E (Vf%p) ; 

In derivation of these terms we have used the identity c a ajl = 0, which is valid 
for the compact semisimple Lie group. 
Collecting the parts of Rac, we get 

R AC = N%N^R SBC M -\NfN^L a T% F + \NfNEn F t v ua 

+ l(G MS N[ lN i)N^N^^ P ^ RF % a ~ \N™TZ p {r v H E % v ) 

+ l -H A {r u H C %,) + \{r u H C ^ au ){r p HAi^). (27) 

The components R a p of the Ricci curvature Rac are defined as 

In our case R a {3 are given by the following formula: 

R af 3 = R a p + \(G ES Ng N§) (G m Qn?n£) % p % a f PF T BA 
+\h m {G ms H s % p ) - \{r v H M %p) (G MS H s j a „) 
-\ (G ES H S ^) {r v H E % a ) + 1 - N ^ Q (G ES H S ^) 
+ \(G ES H s %p)(r"H E %, / ), (28) 

in which by R a p we denote the Ricci curvature of the manifold with the Rie- 
mannian metric 7^. 

4.3 The calculation of the scalar curvature 

In the horizontal lift basis the scalar curvature of the original manifold V is 
defined by 

Rp = G Ad NjN% R AC + T P R^- (29) 

Notice that by the symmetry argument the second and the third terms of (j2"7| 
will not make the contributions into Rp. 

First we consider the contribution to Rp which is obtained from the terms 
belonging to Rac and R a /3 that are given with a single multiplier ('Y flv T) A 'y IMV ). 
In (|27|) . they are the fifth and sixth terms. 
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It can be shown that the sixth term of Rac leads to the following contribu- 
tion: 



±G Ad NfN§V E (r"V B %„) + lG Ad NfN?N£ E (r"V A %„). (30) 



Combining ([3"U|) with the contribution of the fifth term to R-p , we get 



lG Ad N?'N?'(N£, P , - n£ h t£, p ,) (r v V A % u ). (31) 



Now we will calculate the corresponding contribution to R-p originated from 
the terms of R a p. But before proceeding to calculation these terms must be 
transformed. First we rewrite the third term of (1281) as 



H M {G MS ) {H s %p) + G MS N^ E V P % P + G MS NV N rV E (V P j aP ). (32) 

Then, differentiating the identity 

N£ = G% F (G MS NFNi) 

with respect to Q* E , we get the following equality: 

(G MS ) E Ni lN £ = 

- (G MS N[ { Ng) N E H rf E - G LU N E N§ H rf £ - G MS N^ E N E N£ , 

By making use of this equality, it can be shown that the contribution of (|32|) 
into R-p are given by the following expression: 

i(-G^<A^f H rf £ _ G LU N A N EK T B E _ G MS N F EN E N A 

+G MS Ni I N£ E + g fs n£nE H r| F ) [r v v A %u)- (33) 

Using N[ t = d^j — K^A^j for the projector in the first term of f3"3"|) . we see 
that the part of the first term and the last term of this expression are mutually 
cancelled. Besides, grouping the third term in (|33|) with the remnant of the first 
term, we also come to zero. It take place because of the identity 

N c P {K P aE + K^T p FE )=Q 

which is derived from the Killing relation for the horizontal metric G^ B : 
v e rt\\ T^E rtYi , ^EpH _ n 



Notice that before using the identity in (l3"3"l) , one should make a replacement of 

n f n me fOT ~ n p K ueKi in the third term - 
The second and fourth terms of (|3"3")) give us 



\ g lu n§(n£ e ~ N£ H rf B )(7^I)A7^). (34) 
The obtained expression is the contribution to R-p given by the terms of R a p- 
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Taking a sum of (|3~lj) and (|3"4"|) , we get the contribution to Rp which is 
obained from Rac and R a f3- 

G Ac 'n?'(n£, p , - N^T* ip ,)Wb A % v ) 

= G Ac ' N?' ( H V P ,N£,)(r v V A % v ). (35) 

Finally, we consider the contribution to R-p which is obtained from the terms 
belonging to Rac and R a p, and containing the product of two multipliers of 
the aforementioned kind. 

The terms of Rac give the following expression as the contribution to R-p : 

^G M NfN?T) E (r v 'bBl^) + \c AC: NfN^ (r^cla^ir^Al^). 
The contribution from the terms of R a p can be presented as follows: 



\g es n^n^ e 



Replacing the first term of the last expression with the help of the equality 
we add together the above contributions (from Rac and Rap) and get 

+ ^G ES N^N§(r^Pj a 0) {l^R%J). (36) 

Using dU]), (ESI), together with (JSS} and in (JH]), we obtain the following 
representation for the scalar curvature: 

Rp = g a ' c 'n%nS,n e H iW f + T p R a , 

+ \(G ES N E N E ) (G MQ N[ lN $) % v f» PF f» AB + G A ' C 'N%(^ E {T V H C ^)) 
+ \G ES {T P H s ^){r a H E ^) + \G ES {T P H S ^){^H E ^, U ). (37) 
Here we have used the definition 

v b/c = T> E fc ~ H ^ce/m- 

Notice that Rp is independent of the point in the fiber where it is evaluated. It 
follows from the invariance of the original Riemannian metric on V under the 
action of the group Q . So, in (I37p one can omit the tilde-marks placed over the 
letters. 
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5 The geometrical representation of J 

By comparing the expression for J given by (|2ip and (|37p , it can be found that 
R-p has the following representation: 

Rv = H R + R g + ^ 2 + J+\G ES N£NEr'P'r' f *'(VAj»'0')(V Blt2 , a ,), (38) 

with the evident symbolical notations for 

H i? = G A ' C ' N%NS,NZ r R sec m , 

ee (G ES N F N§) (G M( ^N p N A ) lflv ^ F ^ AB , 

and for the scalar curvature of the orbit 

i ) uu (7 CK i a/3 eu a a 

Rg = if c m c va + -7^ 7 7 

The last term of (f38|) . as it will be shown, is related to the second fundamental 
form of the orbit. 

It follows from the fact that every orbit of the group action can be locally 
viewed as a submanifold in the manifold V . In this case the second fundamental 
form of the orbit may be defined as follows: 

3%{Q)=^ C D{Q)^K a K ) D {Q), 

where by we denote the covariant derivative determined by means of the 
Levy-Civita connection of the manifold V with the Riemannian metric Gab{Q)- 
We must project the second fundamental form j^piQ) on to the direction 
which is parallel to the orbit space. In order to find this projection we should 
calculate the following expression: 



^(ngMKv*.*^,^) 



(39) 



where G is the metric (TXJ) of the manifold V, and where before performing the 
calculation, the variables Q A in 

nS(Q)(VK Q i^) A (Q)^ = ^A(Q)[^K a K + v Kl3 K a ] A (Q) 



must be replaced for (Q* A ,a a ). 

As a result of the calculation we get 

3af}{Q\ a ) = \ P i{a)p^{a)Ni{Q*)(y Kal K 0l +V K ^K al ) E {Q*). 

Moreover, it can be shown that 

j^(Q*,a) = -\p^a)p^a)G PS {Q*)N E {Q*)N§{Q*) (V El ^)(Q*). 

After restriction of the obtained expression to the surface £ by setting a = e, 
where e is the unity element of the group Q, we come to the following expression 
for the second fundamental form: 

Ja,(Ql = -Ig ps n e n§ (V Elafj )(Q*)- 
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Using this expression, one can show that the last term of ([55)) is the "square" 
of the fundamental form of the orbit: 

|| -i|2_ r ,H an 0v -A -B 
lull — ^AB 7 7 JapJ^v 

Thus, the integrand J is given by 

J = R v - ii R-R g -^ 2 -\\j\\ 2 . (40) 

Now, we may rewrite the integral relation ([7]) in the following form: 

l(Qtr 1/ S(Q:r 1/i G M (Q* b ,t b ;Q* al t a )= f G<p(p b 6,t b ;p a ,t a )dn(6), 

Jg 

where 

G M (Qht b ;Q* a ,t a ) = f d^ s expf / '* ' \^—V(^(u))-lfi 2 KmJ(^(u))]du}. 



The semigroup determined by the Green's function Gm acts in the Hilbert space 
with the scalar product (ipi,ip2) = J" s ipi(Q*)ip2(Q*) dvM(Q*)- The measure 
dv M is given by dv M (Q*) = det 1/2 ((F ± )^ Gg c (P^dQ* 1 A ... A dQ* Nv . 

If it were possible to find invariant coordinates x % such that x a (Q*( x ' 1 )) = 0j 
the measure di>x of the previouse scalar product could be transformed into 
the volume measure det 1 / 2 /),.^ dx 1 ■ . . . ■ dx NM for the Riemannian metric hij — 
Q*?(x)G%(Q*(x))Q*f(x) defined on the orbit space M. 

The Green's function Gm satisfies the forward Kolmogorov equation with 
the operator 

~ flK \ nC p AT A AT B d 2 n CD AT E AT MH r A 

Hk z 1 ~ , . , 

-8^ J+ ^' < 41 > 

where J is given by (j4"U|) . The Hamilton operator H of the corresponding 
Schrodinger equation can be obtained from (jlTj) as follows: H = —^H K \ K =i- 



6 Conclusion 

In the paper, it has been shown that the exponential of the path integral reduc- 
tion Jacobian can be written in the form of the difference between the scalar 
curvature of the original manifold and the following terms: the scalar curvature 
of the orbit, the scalar curvature of the reduced manifold, the square of the 
second fundamental form of the orbit, and the one fourth of the square of the 
curvature of the connection defined on the principal fibre bundle. 

In many important cases the local description of the reduced motion is only 
possible by making use of dependent coordinates. This is a typical situation 
which one meets with in gauge theories. It would be very useful to find an 
appropriate generalization of the obtained formula (|40jl in these cases. 
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Besides, the formulae of this kind are necessary for consideration of the 
renormalization corrections in case of the rigorous definition of the path integral 
measure defined on the space of gauge connections, where the regularization of 
the original (weak) metric converts it into the (strong) Riemannian metric [S]. 

In the paper the geometrical representation of the Jacobian has been found, 
in fact, for the case of the local reduction since consideration of [2j has been 
done for the trivial principal fibre bundle. An interesting problem would be to 
extend the obtained result onto the case of the global path integral reduction in 
which the topological questions would be expected to play an important role. 
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